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CONSTRUCTION OF THREE QUBIT GENUINE ENTANGLEMENT
WITH BI-PARTITE POSITIVE PARTIAL TRANSPOSES
KIL-CHAN HA AND SEUNG-HYEOK KYE
Abstract. We construct tri-qubit genuinely entangled states which have positive
partial transposes with respect to bi-partition of systems. These examples disprove
a conjecture [12] which claims that PPT mixtures are necessary and sufficient for
biseparability of three qubits.
1. Introduction
The notion of entanglement is now considered as one of the key resources in quantum
information and quantum computation theory, and it is an important research topic to
distinguish entanglement from separability. It is known [2, 13] that a separable state
is of PPT, that is, the partial transpose of a separable state is still positive. This PPT
condition is also sufficient for separability in the low dimensional bi-partite cases, like
bi-qubit and qubit-qutrit systems [8, 15]. In the tri-qubit case, it was conjectured in [12]
that bi-separability is equivalent to being a PPT mixture. This conjecture is supported
by several classes of states; graph-diagonal states [4], permutationally invariant states
[12] and X-shaped states [7]. The purpose of the paper is to construct analytic examples
to disprove this conjecture for general cases. Note that numerical evidence for such
states has been mentioned in the supplemental material of [14].
A multi-partite state ̺ in
⊗n
i=1Mdi is (genuinely) separable if it is the convex
combination of pure product states onto product vectors, whereMd denotes the algebra
of all d × d matrices over the complex field. For a given bipartition S ⊔ T of the set
[n] := {1, 2, . . . , n} of indices, ̺ is said to be S-T bi-separable if it is separable as a
bi-partite state in (
⊗
i∈SMdi) ⊗ (
⊗
i∈T Mdi), and just bi-separable if it is the convex
combination of S-T bi-separable states through bi-partitions S ⊔ T . A multi-partite
state is called genuinely entangled if it is not bi-separable.
The notion of PPT mixture is defined in the exactly same way. For a given bi-
partition S ⊔ T , a multi-partite state ̺ in ⊗ni=1Mdi is said to be a S-T bi-PPT state
if it is of PPT as a bi-partite state in (
⊗
i∈SMdi) ⊗ (
⊗
i∈T Mdi), and is called a PPT
mixture [9] if it is the convex combination of S-T bi-PPT states through bi-partitions
S ⊔ T .
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We begin our construction with the example of a nonextendible positive linear map
fromM2 intoM4 given by Woronowicz [16]. In the next section, we show that the Choi
matrix W of this map is a tri-qubit genuine entanglement witness: W is a non-positive
self-adjoint 8× 8 matrix satisfying
(1) 〈̺,W 〉 := Tr (W̺t) ≥ 0
for every tri-qubit bi-separable state ̺. Nonextendibility of the map implies the ex-
posedness [17, 3], which implies again that both W and its partial transpose W Γ have
the spanning property, where we take partial transpose with respect to the bi-partition
A-BC for MA ⊗ MB ⊗MC . See Theorem 8.5 in [10]. Therefore, there exist A-BC
bi-separable states ̺1 with the properties:
• 〈̺1,W 〉 = 0,
• both ̺1 and ̺Γ1 have the full rank.
We consider the convex set S consisting of all A-BC bi-separable states, and the face
of S consisting of all ̺ ∈ S with 〈̺,W 〉 = 0. This face turns out to be maximal, and
every interior point of this face actually satisfies these conditions.
Now, we take ̺0 :=
1
8
Id8 which is located at the center of the whole things, and
consider the line segment
̺λ = (1− λ)̺0 + λ̺1
from ̺0 to ̺1. We may extend this line segment to get A-BC bi-PPT states ̺λ with
λ > 1. Then, this is obviously a tri-qubit PPT mixture which violates the inequality
(1). This is the outline of our construction. In the Section 3, we construct an analytic
example which is based on the example of a separable state ̺1 with the above con-
ditions constructed in [5], where Woronowicz map has been generalized with several
parameters.
The authors are grateful to Otfried Gu¨hne for bringing their attention to the ref-
erence [14].
2. Genuine entanglement witnesses
In order to express entries of multi-partite entanglement witnesses in the tensor
product
⊗n
i=1Mdi , we will use multi-indices. A multi-index i on a nonempty subset
S of [n] = {1, 2, . . . , n} is formally a function from S into nonnegative integers with
0 ≤ i(i) < di (i ∈ S), which will be denoted by a string of integers in the obvious sense.
For a multi-index i = i1i2 . . . i#S on S, we also use the notation
|i〉 = |i1〉 ⊗ |i2〉 ⊗ · · · ⊗ |i#S〉,
where #S denotes the cardinality of S.
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For a given bi-partition S ⊔ T = [n], any entanglement witness W in⊗i∈[n]Mdi is
written by
W =
∑
i,j∈IS
|i〉〈j| ⊗W [i, j] ∈
(⊗
i∈S
Mdi
)
⊗
(⊗
i∈T
Mdi
)
in a unique way, where IS denotes the set of all multi-indices on the set S. For given
multi-indices k, l on T , the (k, l)-entry W [i, j]k,l of W [i, j] ∈
⊗
i∈T Mdi is given by
W [i, j]k,l =Wi⋄k,j⋄l,
where i⋄k is the multi-index on [n] given by (i⋄k)(i) = i(i) for i ∈ S and (i⋄k)(i) = k(i)
for i ∈ T . Since the set {|i〉〈j| : i, j ∈ IS} plays the role of matrix units for
⊗
i∈SMdi ,
we can define the linear map
(2) φS,TW : |i〉〈j| ∈
⊗
i∈S
Mdi → W [i, j] ∈
⊗
i∈T
Mdi , i, j ∈ IS.
If n = 2 and S = {1}, W is the usual Choi matrix [1] of the linear map φ{1},{2}W from
Md1 into Md2 . It was shown in [7] that W satisfies the inequality (1) for every bi-
separable state ̺ if and only if the map φS,TW is positive for every nonempty subset S
with #S ≤ n
2
.
Now, the Choi matrix of the Woronowicz map [16] is given by
W =


4 −2 · · −2 · · ·
−2 2 · · 2 · · ·
· · · · · 1 · ·
· · · 4 · · −2 ·
−2 2 · · 3 · · ·
· · 1 · · · · ·
· · · −2 · · 2 −1
· · · · · · −1 2


,
where · denotes 0, if we endow multi-indices with the lexicographic order. The linear
map φA,BCW is the original positive map of Woronowicz [16] which sends X =
(
x y
z w
)
to
φ
A,BC
W (X) =


4x− 2(y + z) + 3w −2x+ 2z · ·
−2x+ 2y 2x z ·
· y 2w −2z − w
· · −2y − w 4x+ 2w

 .
On the other hand, the linear maps φB,CAW and φ
C,AB
W send X =
(
x y
z w
)
to
φ
B,CA
W (X) =


4x −2x −2x z
−2x 2x+ 4w 2x− 2w ·
−2x 2x− 2w 3x+ 2w −w
y · −w 2w


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and
φ
C,AB
W (X) =


4x− 2(y + z) + 2w · −2x+ 2z ·
· 4w y −2z
−2x+ 2y z 3x ·
· −2y · 2x− y − z + 2w

 ,
respectively.
Now, we proceed to show that φB,CAW and φ
C,AB
W are positive maps from M2 into
M4. To do this, it suffices to show that the images of Pα =
(
1 α¯
α |α|2
)
are positive for
each complex number α. For the case of α = 0, it is easy to show that both φB,CAW (P0)
and φC,ABW (P0) are positive semi-definite.
For the case of α 6= 0, we consider the determinant ∆Bk (α) (∆Ck (α), respectively) of
left-upper k×k submatrix of φB,CAW (Pα) (φC,ABW (Pα), respectively) for each k = 1, 2, 3, 4.
By direct computation, we have
∆B1 (α) = 4 > 0,
∆B2 (α) = 4(1 + 4|α|2) > 0,
∆B3 (α) = 4(1 + 14|α|2 + 4|α|4) > 0,
∆B4 (α) = 6|α|2
(
1 + 14|α|2 + 2|α|4 + 2|α|2(α+ α¯))
≥ 6|α|2(1 + 14|α|2 − 4|α|3 + 2|α|4) = 6|α|2(1 + |α|2(14− 4|α|+ 2|α|2)) > 0,
∆C1 (α) = 2|α− 1|2 + 2 > 0,
∆C2 (α) = 8|α|2(|α− 1|2 + 1) > 0,
∆C3 (α) = 2|α|2(3|α− 1|2 + 11) > 0,
∆C4 (α) = 2|α|2
(
12− 16(α + α¯) + 3(α2 + α¯2)− 9|α|2(α + α¯) + 36|α|2 + 6|α|4)
=2|α|2
(∣∣∣∣3α + α¯− 94 |α|2
∣∣∣∣
2
+
15
16
|α|4 + 26|α|2 − 16(α+ α¯) + 12
)
≥ 2|α|2
(∣∣∣∣3α + α¯− 94 |α|2
∣∣∣∣
2
+
15
16
|α|4
)
+ 4|α|2(13|α|2 − 16|α|+ 6) > 0.
The above results imply that φB,CAW (Pα) and φ
C,AB
W (Pα) are positive definite for each
α 6= 0. Consequently, we conclude that φB,CAW and φC,ABW are positive maps from M2
into M4, and so W is a tri-qubit genuine entanglement witness.
3. Construction
Since W and its partial transpose W Γ with respect to the bi-partition A-BC have
the spanning property, we can choose finitely many product vectors |zi〉 = |xi ⊗ yi〉 :=
|xi〉 ⊗ |yi〉 with the properties:
• 〈xi ⊗ yi|W |xi ⊗ yi〉 = 〈x¯i ⊗ yi|W Γ|x¯i ⊗ yi〉 = 0,
• both {|xi ⊗ yi〉} and {|x¯i ⊗ yi〉} span C2 ⊗ C4.
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For example, we take the following eight complex numbers
α1 = 1, α2 = i, α3 = −1, α4 = −i,
α5 =
√
2 (1 + i), α6 =
√
2 (1− i), α7 = −
√
2 (1− i), α8 = −
√
2 (1 + i),
and define |xk〉 ∈ C2 and |yk〉 ∈ C4 by
|xk〉 = (1, α¯k)t,
|yk〉 =
(
2αk − 2α2k, 4αk − 2α2k − 2|αk|2 + 3αk|αk|2, −4− 2|αk|2, −2α¯k − |αk|2
)t
,
for each k = 1, 2, · · · , 8. See the Ref. [5] for systematic construction of such product
vectors in more general cases.
Now, we consider the following two states
σ1 =
1
848
4∑
k=1
|zk〉〈zk|, σ2 = 1
28160
8∑
k=5
|zk〉〈zk|,
and define the state ̺1 by
̺1 =
1
12
σ1 +
11
12
σ2 =


23
1696
17
530
0 0 − 21
2120
− 21
2120
0 − 43
6360
17
530
731
4240
73
4240
21
4240
− 87
1060
− 153
1060
0 − 43
6360
0 73
4240
279
8480
73
8480
− 73
4240
− 247
2120
0 0
0 21
4240
73
8480
13
2120
− 21
4240
− 111
4240
73
4240
21
4240
− 21
2120
− 87
1060
− 73
4240
− 21
4240
19
424
227
2120
0 0
− 21
2120
− 153
1060
− 247
2120
− 111
4240
227
2120
2639
4240
29
530
37
2120
0 0 0 73
4240
0 29
530
189
2120
29
1060
− 43
6360
− 43
6360
0 21
4240
0 37
2120
29
1060
79
4240


.
Then 〈̺1,W 〉 = 0 by construction.
On the other hand, the characteristic polynomial f̺1(x) of ̺1 is given by
f̺1(x) = 882− 11102415x+ 33652192213x2 − 14743193830128x3
+ 2042243130647296x4− 99440801962659840x5 + 1345976609197260800x6
− 5957113683640320000x7 + 5957113683640320000x8,
and we can show that all of the roots of f̺1(x) = 0 are positive real numbers with the
smallest root λ̺1 ≈ 1.23×10−4. We can also show that λ̺Γ
1
≈ 3.5×10−4 is the smallest
root of the characteristic equation f̺Γ
1
(x) = 0 of ̺Γ1 , where
f̺Γ
1
(x) = 2025− 10945449x+ 18736999508x2 − 12463670543488x3
+ 3063341671496192x4− 162870055626219520x5 + 2691953218394521600x6
− 11914227367280640000x7 + 11914227367280640000x8.
Consequently, ̺1 is an A-BC bi-PPT state with rank(̺1) = rank(̺
Γ
1 )=8.
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Finally, we consider
̺ := ̺1 − λ̺1Id8.
Since 0 < λ̺1 < λ̺Γ
1
, we see that ̺ is an unnormalized A-BC bi-PPT state with
rank(̺) = 7 and rank(̺Γ) = 8. Furthermore, we see that 〈̺,W 〉 = −17λ̺1 < 0 with
the tri-qubit genuine entanglement witness W in the previous section. Therefore, we
conclude that 1
Tr(̺)
̺ is an example of a tri-qubit PPT mixture which is not bi-separable.
In conclusion, we have constructed a genuinely entangled state which is a PPT
mixture.
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